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We perform a thorough analysis of the spectral statistics of experimental molecular resonances, of
bosonic erbium 166Er and 168Er isotopes, produced as a function of magnetic field(B) by Frisch et al.
[Nature 507, (2014) 475], utilizing some recently derived surmises which interpolate between Poisson
and GOE and without unfolding. Supplementing this with an analysis using unfolded spectrum,
it is shown that the resonances are close to semi-Poisson distribution. There is an earlier claim of
missing resonances by Molina et al. [Phys. Rev. E 92, (2015) 042906]. These two interpretations
can be tested by more precise measurements in future experiments.
PACS numbers: 67.85.-d;05.45.Mt;05.30.Jp
I. INTRODUCTION
There is no unique and precise definition of quantum
chaos though it is closely related to spectral fluctuations
and level correlations in a given quantum system. It has
long been recognized from the study of atomic and nu-
clear spectroscopy that unambiguous determination of
whether a quantum system is fully chaotic or interme-
diate between integrability and chaoticity is not possi-
ble in a straightforward manner as the data is usually
limited for sufficient statistical significance. The am-
biguity increases for strongly interacting and correlated
many-body systems. The limiting case of quantum sys-
tems that are rotationally and time-reversely invariant
and which have a fully chaotic classical analog, the level
(also strength) fluctuations follow the predictions of the
Gaussian orthogonal ensemble (GOE) of random matrix
theory (RMT)[1–4]. This is known as Bohigas-Gionnoni-
Schmit (BGS) conjecture.
There are enormous amount of numerical and exper-
imental evidences confirming the BGS conjecture and
they are mainly from models for many-body quantum
systems, nuclear energy levels, molecular spectra and so
on [4–12]. In many examples some deviations from RMT
are observed. The deviations could be because the sys-
tem may be intermediate to integrable and chaotic sit-
uation or the various levels/resonances in the observed
spectrum may be carrying different symmetries or due to
either of incomplete or imperfect spectra. In the incom-
plete spectra a fraction of levels may be unaccounted in
the experiments, whereas in the imperfect spectra assign-
ments of quantum numbers to the experimentally iden-
tified levels may be wrong. All these lead to different
conclusions from the study of short-range and long-range
spectral fluctuations with regard to intermediate statis-
tics.
The trapped ultracold atoms and Bose-Einstein Con-
densation are the most thoroughly studied, highly com-
plex, and correlated many-body systems where the
atomic and molecular samples are reduced to temper-
atures of micro- to nano-Kelvin and the interaction be-
tween the particles can be manipulated easily. These
resulted in the rich ultracold physics. Very recently the
Innsbruck (Austria) group, Frisch et al. [13], has stud-
ied collisions of trapped cold Erbium atoms, 166Er and
168Er isotopes, as a function of the magnetic field (B). In
the experiment of ultracold collision of gas-phase Erbium
atoms, many Feno-Feshbach resonances were exhibited.
It is the first and the only one experimental demonstra-
tion of random spectra at ultracold temperature; see [14]
for other attempts. To calculate the spectrum of Fano–
Feshbach resonances in [13], a first-principles coupled-
channel (CC)model for Er–Er scattering is constructed
which uses the atomic basis set and Hamiltonian (Meth-
ods) that includes the radial kinetic and rotational energy
operators, the Zeeman interaction and anisotropic B–O
potentials. For small interatomic separations R, the B–O
potentials are calculated using the ab initio relativistic,
multi-reference configuration interaction method. At in-
termediate to large values of R, the B–O potentials are
expressed as a sum of multipolar interaction terms. The
van der Waals dispersion interaction potentials are de-
termined from experimental data on atomic transition
frequencies and oscillator strengths. Here, the dispersion
potentials have both isotropic and anisotropic contribu-
tions. Frisch et al. showed that the CC method together
with a random quantum defect theory describes the mean
density of the resonances quite well. As they state, ’given
the complexity of the scattering, the analysis of ultra-
cold collision data can not and should not aim anymore
at the assignment of individual resonances’. Following
this, they made a statistical analysis of the resonances
using the tools of RMT and found intermediate statis-
tics between Poisson and Wigner-Dyson (WD) or GOE.
No definite conclusion has been made and as the statisti-
cal analysis are close to WD statistics, it was concluded
that the dynamics of collisions and formation of Er-Er
2molecules is very complex and presents characteristics of
quantum chaos [13]. Later, a more detailed analysis of
the same spectra has been done by Petit and Molina [15]
from the view point of missing resonances using nearest
neighbour spacing distribution (NNSD) modeled by the
so called Brody distribution, power spectrum and statis-
tics of resonance widths. They also found intermediate
statistics between Poisson and WD and concluded that
the disagreement with RMT is due to the possibility of
missing resonances (about 20%) in the spectrum. This is
also to be noted that some earlier works in the context
of chaos in ultracold atomic systems have been reported
using the standard Bose-Hubbard model [16–23]. Here,
mainly different set-ups are analyzed and many related
questions on long-range correlations and symmetries are
addressed. However, none of them are related with the
molecular resonance spectra from ultracold collisions.
In the present letter, we extend the analysis of spec-
tral statistics in experimental molecular resonances of
bosonic Erbium 166Er and 168Er with the aim of iden-
tifying that the intermediate statistics is close to the so
called semi-Poisson [24]. To this end, we have employed
the recently introduced measure of ratio of nearest spac-
ings, by Oganesyan and Huse [25], that do not require
unfolding. This analysis is supplemented with more tra-
ditional analysis with unfolding. The resonance data for
isotopes 166Er and 168Er are presented in Extended Data
Tables 1 and 2 at the end of ref. [13]. These tables report
the Fano-Feshbach resonance positions B and width ∆.
We have directly utilized these data sets for the statisti-
cal analysis ignoring the resonance widths and no further
extraction process is done. Now, we will turn to the anal-
ysis using ratio of nearest spacings.
II. STATISTICAL ANALYSIS USING P (r)
DISTRIBUTION
Generally, NNSD P (s)ds giving degree of level repul-
sion and Dyson-Mehta ∆3-statistics or the power spec-
trum with 1/kα noise giving long-range spectral rigidity,
are important measures in the study of level statistics.
In constructing NNSD or the power spectrum (similarly
∆3 statistic) for a given set of energy levels, the spectra
have to be unfolded to remove the secular variation in
the density of eigenvalues [5, 10]. The final outcome of
NNSD may vary with the procedure of unfolding. We
do not know in general a priori the proper unfolding
function for most of the realistic systems and therefore
generally it is approximated by higher order polynomi-
als. On the other hand, Oganesyan and Huse [25] con-
sidered the distribution of the ratio of consecutive level
spacings of the energy levels (P (r)) which requires no
unfolding as it is independent of the form of the den-
sity of the energy levels. The P (r) distribution gives
more transparent comparison with experimental results
than traditional level-spacing distribution. This measure
is specifically fruitful for many-body systems as the the-
ory of eigenvalue density for these systems is usually not
available [26]. In recent past, this measure was used in
analyzing many-body localization [25, 27–29] and also
in quantifying the deviation from integrability on finite-
size lattices [30, 31]. Using P (r), it has been concluded
that the embedded random matrix ensembles for many
body systems, generated by random interactions in pres-
ence of a mean-field, follow GOE for strong enough two-
body interaction [32]. Very recently, in [33] P (r) distribu-
tions of rectangular and Africa-shaped superconducting
microwave resonators containing circular scatterers on a
triangular grid, so-called Dirac billiards (DBs) are stud-
ied. It is shown that for statistics near the van Hove
singularities the ratio distributions provide suitable mea-
sures. In next section, we analyze the spectra using the
P (r) distributions.
A. Results for P (r), P (r˜), 〈r〉 and 〈r˜〉 and
comparison with semi-Poisson
For an ordered set of energy levels En, the nearest
level spacing is Sn = En+1 − En and the probability
distribution of the ratios rn =
Sn
Sn−1
is P (r) subject to
normalization
∫
P (r)dr = 1. In the integrable domain,
NNSD follows Poisson distribution and in this region the
P (r) is given by [25, 34, 35]
PP (r) =
1
(1 + r)2
. (1)
Similarly, in the chaotic region the distribution follows
Wigner-Dyson (WD) or GOE statistics [34, 35] and it is
PGOE(r) =
27
8
r + r2
(1 + r + r2)5/2
. (2)
In addition, the average value of r, i.e., 〈r〉 is 1.75 for
GOE and is∞ for Poisson. It is also possible to consider
r˜ = min(Sn,Sn−1)max(Sn,Sn−1) = min(rn, 1/rn). As pointed out in
[34], it is possible to write down, the distribution of r˜,
P (r˜), for a given P (r). The average value of r˜ i.e. 〈r˜〉 is
0.536 for GOE and 0.386 for Poisson [34].
In Fig. 1, the results for P (r) and P (r˜) distributions
for Erbium are shown. Here, also for comparison, results
from PP (r) and PGOE(r) are shown in Fig. 1 (a) and
(b). More importantly, they are also compared with the
P (r) for generalized semi-poisson distribution (GSP) as
given in [36],
Pν(r) =
Γ(2ν + 2)Γ2(ν + 2)
(ν + 1)2Γ4(ν + 1)
rν
r2ν+2
. (3)
Here ν is a parameter with ν = 1 giving semi-Poisson
(SP). The NNSD P (s) for the semi-Poisson is P (s) =
4s exp(−2s) and the NNSD for the generalized semi-
Poisson is given ahead in Eq. (7). It is well estab-
lished that the SP distribution is appropriate for pseudo-
integrable systems [24, 37, 38] and also for the level
3statistics (critical statistics) at metal-insulator transition
(MIT) point. In addition to P (r), also shown are results
for P (r˜) vs〈r˜〉 in Fig. 1 (c) and (d).
The results of P (r) and P (r˜) distributions are seen
to be intermediate between Poisson and GOE and close
to SP. We have also calculated 〈r〉 and 〈r˜〉. For 166Er,
〈r〉 = 2.17 and 〈r˜〉 = 0.47, whereas for 168Er, 〈r〉 = 1.96
and 〈r˜〉 = 0.49. For SP, the average values are 〈r〉 = 2
and 〈r˜〉 = 0.5. These are close to the values calculated
for both 166Er and 168Er.
In order to further quantify the departures from GOE,
we use the Poisson to GOE interpolation form given in
[32]
PP−GOE(r : ω) =
1
Zω
(r + r2)ω
(1 + (2− ω)r + r2)1+ 32ω
. (4)
Here, ω = 0 gives Poisson and ω = 1 gives GOE cor-
rectly. The parameter Zω is obtained using the condition∫
∞
0
P (r)dr = 1. Best fit to data gives ω = 0.70 for 166Er
and ω = 0.78 for 168Er. It is important to note that for
SP, ω ∼ 0.7. This is also in good agreement with our
previous results of P (r) and P (r˜), indicating clearly that
the statistical features of the resonance data for 166Er
and 168Er are intermediate between Poisson and GOE
and close to SP.
To further investigate the chaoticity of the two sys-
tems, computed are 〈r〉 and 〈r˜〉 for the spectra as a func-
tion of the external magnetic field. Following [15], we
divide the spectra in windows of 60 levels (resonances)
around a particular magnetic field and computed the cor-
responding 〈r〉 and 〈r˜〉. The results are shown in Fig. 2.
Corresponding error-bars in some points are mentioned
in the figures for clarity. It is to be noted that the average
value of r, i.e. 〈r〉 changes from 1.75 to ∞ that corre-
sponds to transition from GOE to Poisson. Whereas the
average value of r˜, i.e., 〈r˜〉 changes from 0.536 to 0.386
for the transition from GOE to Poisson. From Fig. 2 (a),
we observe that the measures 〈r〉 and 〈r˜〉 give the tran-
sition near B ≈ 30 G. However, deviations exist both at
smaller and higher values of B. Also for B > 40, 〈r〉 and
〈r˜〉 values are close to that of the SP distribution.
III. STATISTICAL ANALYSIS USING
UNFOLDED SPECTRA
Statistical analysis of the experimental data is carried
on further using the unfolding procedure. Here the eigen-
energies Ei of a system are transformed to new eigen-
energies ǫi keeping the density of levels locally constant
with unit mean [39]. The integrated level density N(E)
has two parts, a smooth part [N(E)] and a fluctuating
part [N˜(E)]. To compare the fluctuation properties of
different systems or different parts of the same system,
the smooth part is removed using a unfolding procedure.
Unfolding removes the variation in the density of the lev-
els in different parts of the spectrum. In the present anal-
ysis our focus is mainly on the spectra for magnetic field
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FIG. 2: Average values of (a) r and (b) r˜ vs. magnetic
field obtained using a moving window of 60 levels for 166Er
(black squares) and 168Er (red circles). The dashed horizon-
tal lines indicate the limiting values corresponding to Poisson
and GOE estimates. The widths of distribution of r and r˜
are shown by vertical bars for only few points in the figure for
clarity.
B ≥ 30 G because below 30 G of magnetic field there
is a steady increase of chaoticity [13]. In the unfolding
procedure, we have approximated the level density by a
fifth order polynomial for the full spectrum and a linear
fit to data for B ≥ 30G for both isotopes as it was done
in [15].
A. Results for NNSD
Using the unfolded eigenvalues ǫi, the nearest neighbor
spacing is calculated as si = ǫi+1− ǫi, i = 1, 2, ..., n. The
probability distribution P (s) of these spacings is shown
for both 166Er and 168Er in Fig. 3 (a) and Fig. 3 (b)
4respectively. It is well known that when the system is
in integrable domain, the form of NNSD is close to the
Poisson distribution [2, 3], i.e.
PP (s) = exp(−s) . (5)
while in the chaotic domain or for GOE, the form of
NNSD is the Wigner surmise or the Wigner-Dyson (or
GOE) [2, 3]
PWD(s) = (πs/2) exp(−πs2/4) . (6)
Going further, the NNSD form for the GSP distribution
is given by [37],
Pν(s) =
(ν + 1)ν+1
Γ(ν + 1)
sν exp(−(ν + 1)s) . (7)
Here, ν is a parameter. More importantly, ν = 1 gives,
as mentioned before, the NNSD for the semi-Poisson
Pν=1(s) = 4s exp(−2s) . (8)
Results for the best fit GSP distribution are shown in
Fig. 3 and also the NNSD form the unfolded spectra
are compared with Poisson and GOE forms. Value of
the parameter ν obtained is 1.02 for 166Er and 0.89 for
168Er. From these results, it is clear that the NNSD for
both 166Er and 168Er is very close to the semi-Poisson
P1(s) distribution and it is intermediate to Poisson and
Wigner-Dyson distributions. Note that the level repul-
sion at smaller values of s (s≪ 1), is∝ s for both PWD(s)
and P1(s) and asymptotic decay of P1(s) is exponential
decay.
The deviations from the WD form for NNSD is usually
discussed in terms of the Brody [10, 40] and Berry and
Robnik distributions[41]. The former enjoys considerable
popularity but its interpolating parameter lacks to have
a deeper physical meaning. However the BerryRobnik
parameter ρ, has been shown to be the fraction of the
regular phase space domain. Here, we have chosen yet
simple criterion given in ref.[42]. In [42] using an ap-
propriate 2 × 2 random matrix model, transition curve
for the variance σ2(0) of the NNSD is constructed for
the Poisson to GOE transition in terms of the parameter
Λ. The Poisson value σ2(0) = 1 and for GOE value for
σ2(0) = 0.27 and then the 2 × 2 random matrix model
gives Λ = 0 for Poisson and Λ ∼ 1 for GOE. There is an
onset of GOE fluctuations at Λ ∼ 0.3 and the formula for
σ2(0 : Λ) [42] gives σ2(0) = 0.37 for Λ = 0.3. In figure
3, the histograms show results for NNSD obtained for Er
data and these are compared with WD and Poisson dis-
tributions. The value of Λ is found to be 0.12 for 166Er
and 0.16 for 168Er and these values are much smaller than
the critical value 0.3. However, σ2(0) for P1(s) is 0.5 and
the corresponding value of Λ = 0.12 is in good agreement
with the Λ value obtained for 166Er and not far from the
value obtained for 168Er.
Further, we have investigated the chaoticity of the sys-
tem as a function of the external magnetic field using
unfolded energy spectra. Here, dividing the spectra in
windows of 60 levels around a particular magnetic field
and computed the variance σ2(0) of NNSD and the re-
sults are shown in Fig. 4. It is clear from the figure that
for the weak magnetic field, σ2(0) values of the spectra
are above critical value 0.37. And as the magnetic filed
increases, the spectral fluctuations reach close to GOE
for B . 30G. Further increase in magnetic field leads
to the transition from GOE to Poisson near B ≈ 30G.
These results are consistent with that of obtained using
the ratio of spacings r analysis carried out in the previous
section.
We have also carried out an analysis of the spectra
using the hypothesis that the observed spectrum is a
superposition of resonances with different symmetries.
The NNSD in this situation, with some approximations,is
given in terms of a single parameter f [43, 44],
P (s, f) =
{
1− f + π
2
Q(f)s
}
exp
{
−(1− f)s+ π
4
Q(f)s2
}
.
(9)
with Q(f) = 0.7f + 0.3f2. Note that, for f = 0, the
distribution approaches the Poisson distribution, which
corresponds to a spectrum composed of a large number
of sub-spectra of GOE type but each consisting of a few
number of levels. Whereas, f = 1 gives the NNSD of
the GOE. Therefore, f is referred to as the chaoticity
parameter. The blue curves in fig.3 are obtained using
Eq. (9). The chaoticity parameter f values found are
0.70 for 166Er and 0.63 for 168Er. These results also show
deviation from GOE. The best fit of P1(s) to P (s, f) gives
f = 0.72 which is also close to the values of f obtained
in both the examples.
B. ∆2 test
Further, we use a ∆2 test to measure the distance from
the obtained numerical data to the theoretical predictions
from the Eqs.(5), (6) and (7) as a function of external
magnetic field as done in previous section using ratio of
consecutive levels. The ∆2 is defined as,
∆2α = log10
{∫
∞
0
ds (Pα(s)− P (s))2
}
. (10)
Where α stands for Poisson or Wigner-Dyson or semi-
Poisson P1(s) respectively. Here, we have divided the
spectra in windows of 60 levels (using unfolded levels)
around a particular magnetic field and then ∆2 is com-
puted via P (s) distribution. Lower value of ∆2 measure
indicates the closeness of P (s) with the theoretical pre-
diction. The results for ∆2 test are shown in Fig. 5 for
both 166Er and 168Er. For 166Er, the lowest values for
∆2SP for entire range of magnetic field (Fig. 5(a)). For
168Er, ∆2 values for SP and WD are close upto B < 25 G
and beyond this, ∆2 values are minimum for SP. Hence,
These results conform the closeness of the NNSD with the
SP distribution compared to Poisson and Wigner distri-
bution for both 166Er and 168Er. Before going further,
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distribution σ2(0) = 1 while for GOE σ2(0) = 0.27(shown
by dash line). Also the critical value for Poisson to GOE
transition σ2(0) = 0.37 is shown by dotted line.
with regard to the results presented in Figs. 2, 4 and 5,
it is important to mention that for each B value, we are
using 60 resonances (for having enough statistics), i.e.
roughly 20G wide region as there are approximately 3
resonances per Gauss in the data. The range for B in
the figures is 60G and therefore for each B value used is
roughly a third of the whole range presented in these fig-
ures. With this, one can argue that there are only three
uncorrelated data points in these figures. In this respect
the result that there is a transition at B ∼ 30G need to
be used with caution.
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FIG. 5: ∆2 statistical tests for (a) 166Er and (b) 168Er.
C. Power spectrum analysis
Long-range correlations among energy levels are inves-
tigated using the analogy between energy spectrum and
discrete time series [45–48]. The energy spectrum can be
considered as a discrete signal and then the fluctuations
in the excitation energies generate a discrete time series.
The δn-statistics of consecutive levels,
δn =
n∑
i=1
(si− < s >) = ǫn+1 − ǫ1 − n , (11)
is similar to the time-series and n represents the discrete
time. Now, the power spectrum is defined as the square
modulus of the Fourier transform of δn giving,
P δk = |
1√
M
∑
n
δnexp(−2πikn
M
)|2 . (12)
Here, k = 1, 2, ..., n and M is the size of the series [45].
Therefore, the statistical behavior of the level fluctua-
tions can be investigated by using 〈P δk 〉 statistics which
measures both short and long range correlations.
Using the 166Er and 168Er data, δn is calculated as a
function of n. Then, using Eq. (12), the power-spectrum
is generated and the results are shown in Fig. 6. Power-
spectrum shows 1f noise for pure chaos and
1
f2 noise for
pure integrable systems [45–47, 49], where f = 2pikM . As
seen from Fig. 6, Erbium systems exhibit intermedi-
ate nature between integrability and chaos. Following
our earlier study of 87Rb [50], we have fitted the power
spectrum to 1kα curve and extracted the constant α; see
Figs. 6(a) and 6(b). Here α measures the degree of
chaoticity and the fits give α = 1.51 ± 0.15 for 166Er
and α = 1.50 ± 0.15 for 168Er, which are intermediate
to Poisson and GOE. The expected α value for SP is
∼ 1.7 [51] which is close to the α values obtained for
both the examples compared to GOE predictions. Thus,
the power spectrum also shows SP structure.
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FIG. 6: (color online): Power spectrum of δn for (a)
166Er and
(b) 168Er. The red dashed lines are the best fit 〈P δk 〉 ∝
1
kα
.
The black line and the green line superimposed in each graph
are the predictions of Poisson and semi-Poisson respectively
while the dotted lines in the each graph are predictions of
GOE.
IV. CONCLUSIONS
In this paper presented is an exhaustive study of the
spectral statistics of experimental molecular resonances
in bosonic 166Er and 168Er atoms. The resonances are
produced as a function of the magnetic field by Frisch
et al. [13]. In the analysis we have used the spectrum
without unfolding and used the new measure of ratio of
nearest spacings. It is clearly seen that the resonances
follow semi-Poisson. For re-confirmation of this results
we have also used the unfolded spectrum and analyzed
NNSD and power spectrum. We have utilized several in-
terpolating formulas for Poisson to GOE and ∆2 giving
mean-square difference between measured NNSD and P,
WD and SP distributions. All these clearly confirm that
the Erbium resonances follow Semi–Poisson distribution.
This conclusion is different from Molina et al. [15] claim
that the observed deviations from GOE are due to miss-
ing resonances. Increasing magnetic-field resolution and
producing higher-quality data will clearly confirm if there
are missing resonances. Also a negative result of such
an experiment will prove the result of the present paper
that the resonances are of semi-poisson character. Also
experiments with other molecules will be useful; see for
example [14] for attempts in this direction.
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